We compute the non-linear memory contributions to the gravitational wave amplitudes for compact binaries in eccentric orbits at the third post-Newtonian order in general relativity. These contributions are hereditary in nature as they are sourced by gravitational waves emitted during the binary's entire dynamical past. Combining these with already available instantaneous and tail contributions we get the complete 3PN accurate gravitational waveform.
I. INTRODUCTION
The observation of the first gravitational wave (GW) signal by LIGO and Virgo opened up the new field of gravitational wave astronomy [1] [2] [3] [4] . So far, ten confirmed binary black hole mergers and one binary neutron star coalescence have been reported [5] [6] [7] [8] [9] [10] . Later this year KAGRA in Japan [11] and in 2025 LIGO-India [12] are expected to join the global network of detectors, leading to improved parameter estimation and source localization. These ground-based detectors are sensitive to the decahertz-kilohertz frequency of the GW spectrum. In the future a space-based detector, LISA [13] , will probe lower frequencies, around the millihertz range, and pulsar timing arrays (PTA) may measure ultra-low (nanohertz) frequency GWs [14] .
Currently -and this will most probably still hold in the future -compact binaries are the most important sources of observable GW signals. The events detected until now have all been found using circular waveform templates, this is because usually binaries have circularized due to GW emission [15] when they enter the detection band of ground-based GW detectors. However, we know that binaries with substantial eccentricities exist. A simple example is provided by the Hulse-Taylor binary, with an eccentricity of e ∼ 0.6 [16] . Nonetheless, at the time this binary enters the detection band of ground-based GW detectors, it will have circularized to a negligible e ∼ 10 −5
and not be distinguishable from a circular binary with current detector sensitivity [17, 18] . But especially in globular clusters and galactic nuclei, there are expected to be binaries with non-negligible eccentricity (e > 0.1) emitting detectable GWs [19] [20] [21] [22] [23] [24] . Hence, the detection of GWs from eccentric compact binaries could provide important information on compact object populations in globular clusters and galactic nuclei [25] .
As soon as LISA will be operating, it will be able to observe compact binaries in our galaxy emitting GWs of much lower frequency. At this point they still are expected to have moderate eccentricities [26, 27] . On the other hand, LISA should be able to detect supermassive black hole binaries forming in the aftermath of galaxy mergers. Notably triple-induced coalescences are expected to have large eccentricities which remain significant until merger [28] [29] [30] [31] [32] .
The above anticipated prospects of future GW observations have motivated the development of eccentric waveform models. In the inspiralling phase one usually uses the post-Newtonian (PN) formalism to model the dynamics of the binary. This introduces three distinctive timescales. The first two, the orbital and the periastron precession timescales, are associated with the conservative dynamics and commonly described by the quasiKeplerian parametrization [33, 34] . The third timescale appears when the dissipative radiation-reaction effects are taken into account [35, 36] . Applying this description of the binary, several waveform models have been built [18, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . In general, the far zone gravitational radiation field receives instantaneous and hereditary contributions. The instantaneous part is determined by the state of its source at a given retarded time while the hereditary part depends on the entire dynamical history of the source. The latter further contains, notably, tail and memory pieces.
In this work, we concentrate on the memory contributions to the waveform from eccentric binaries. Normally we think of gravitational waves as oscillatory perturbations propagating on the background metric at the speed of light. However, all GW sources are subject to the socalled gravitational-wave memory effect, which manifests in a difference of the observed GW amplitudes at late and early times, ∆h mem = lim t→+∞ h(t) − lim t→−∞ h(t) .
(
In an ideal, freely falling GW detector the GW memory causes a permanent displacement after the GW has passed. There are two main types of GW memory: The linear memory [47] originates from a net change in the time derivatives of the source multipole moments between early and late times, present mainly in unbound (e.g. hyperbolic binaries) systems. For bound systems the linear memory is negligible, as long as the components were formed, captured or underwent mass loss long before the GW driven regime. The non-linear memory, also called "Christodoulou memory" [48] [49] [50] [51] [52] , is a phenomenon directly related to the non-linearity of general relativity (GR). It arises from GWs sourced by previously emitted GWs. Since the non-linear memory is not produced directly by the source but rather by its radiation, it is present in all sources of GWs. From a more theoretical perspective, the memory effect and its variants can be interpreted in terms of conserved charges at null infinity and "soft theorems" [53, 54] . Several attempts are made to look for the memory effect, mostly with PTA's, which would observe a sudden change in the pulse frequency of a pulsar [55] [56] [57] [58] . On the other hand, ground-based detectors like LIGO, although not sensitive enough to the memory of a single event, could allow for a detection by the accumulation of several events. [59] [60] [61] .
For circular binaries the non-linear, non-oscillatory memory contributions to the waveform have been computed at the 3PN order in [62] . Regarding eccentric binaries, the leading order DC memory terms were obtained in [63] . In this paper, we extend these computations to 3PN level by computing all terms coming from the memory contribution to the radiative mass multipoles. Note that this yields not only the "genuine" DC memory, but also oscillatory contributions. In the circular limit, the latter have been computed in [64] . Due to complicated hereditary integrals, we calculate the memory contributions within a small eccentricity expansion. We present all our results in modified harmonic (MH) gauge in terms of the post-Newtonian parameter x = (Gmω/c 3 ) 2/3 and the eccentricity e =ē t , withω = (1 +k)n being the orbital frequency andn = 2π/P the mean motion. With the instantaneous contributions already available [65] , and the tail and post-adiabatic contributions computed in a companion paper [66] -hereafter called Paper I -this work aims to complete the knowledge of the 3PN waveform valid during the early inspiral of eccentric binary systems.
This paper is structured as follows: In Sec. II we discuss how the non-linear memory arises from the gravitational-wave energy flux and how it can be computed by integrating this flux over the binary's past history. In Sec. III we explicitly evaluate the past-history integrals, which lead to two types of memory terms -DC memory and oscillatory memory -that are discussed separately in Sec. III B and III C. We next combine our results with the already available instantaneous and tail contributions and discuss the full 3PN waveform in Sec. IV. In Sec. V we give a brief summary and conclude our work. Most expressions in this paper are presented only to leading order in eccentricity for convenience, though we provide the complete results to O(e 6 ) in a supplemental Mathematica notebook [67] .
II. PREREQUISITES A. Memory contribution to the mass multipole moments
We state here briefly the essentials important for the memory calculation. The conventions and notations used are the same as outlined in Sec. II of Paper I.
The gravitational waveform polarizations can be uniquely decomposed into the spherical harmonic modes, h ℓm , via
where the basis is formed by the spin-weighted spherical harmonics Y ℓm −2 (Θ, Φ) and the amplitude modes
are given in terms of radiative mass and current multipoles, U ℓm and V ℓm . These contain both instantaneous and hereditary parts. In the latter, we can further distinguish between tail and memory contributions (some of which may actually be tail induced) at the 3PN order, by schematically writing
where δU ℓm and δV ℓm represent possible higher-order hereditary terms. Note that there is no memory contribution to the radiative current-type moments [51] . Now, employing the multipolar post-Minkowskian (MPM) post-Newtonian (PN) formalism, the radiative moments can be written in terms of the source moments. These relations can be found in Sec. III A of [65] for the instantaneous parts, which only require the knowledge of the source motion at a given moment in retarded time T R , and in Sec. II B of Paper I for the hereditary parts, which involve integrals over the entire dynamical past of the source.
It was shown in [51, 62] that, since the memory is sourced by GWs, its contribution to the radiative mass moment can be alternatively written in terms of the gravitational-wave energy flux as
We will start from this equation to compute the memory contributions to the GW amplitude to the 3PN order. The GW energy flux is related to the GW stress-energy tensor [68] which can be expressed in terms of the polarization amplitudes as
where the angle brackets denote an average over several wavelengths. Inserting the mode decomposition defined in Eq. (2) we find the GW energy flux in terms of the time derivatives of the h ℓm modes:
We insert this expression into Eq. (5). The time derivative of the memory contribution to the mass multipole moment, U ℓm(1) mem = dU ℓm mem /dT R , which is nothing but the memory contribution before integration over past history, may thus be expressed as
where
is the angular integral of a product of three spin-weighted spherical harmonics
Reference [69] provides an explicit formula for this integral:
The brackets denote the Wigner 3-j symbols.
B. Instantaneous and tail parts of the spherical harmonic modes
Remembering that the dominant modes correspond to the quadrupolar case ℓ = 2, with h 2m = O(c −4 ), we see from Eq. (8) that the memory integrands are of the order 2.5PN. However, as discussed below, the U ℓ0(1) mem contain besides oscillatory complex exponentials also nonoscillatory terms. Due to the integration over the past history, their contributions at times t ≤ T R accumulate and enhance the result by a net factor c 5 . It follows that the leading memory effect in the polarizations actually arises at the relative Newtonian order. Thus, Eq. (8) implies that, as an input for the computation of the 3PN accurate U ℓm (1) mem , we need a priori all non-memory h ℓm modes to 3PN order. It is in fact not surprising that part of the waveform is required to calculate the full waveform since the non-linear memory originates from gravitational waves sourced by the energy flux of gravitational waves emitted in the past, as shown by Eq. (5) . Note that the contribution from the memory to the memory itself turns out not to enter the waveform up to the 3PN order. In [62] it was argued that for circular binaries these contributions would appear at the 5PN level, though for eccentric binaries we find, by explicit calculation, that these appear already at the 4PN order. This is due to additional oscillatory memory contributions that will be discussed in Sec. III C below. However, for the present work, these memory-of-memory terms can be safely ignored.
The instantaneous parts of the 3PN accurate h ℓm modes describing inspiralling eccentric binaries have been computed in [65] . In Paper I the tail contributions have been derived, as well as the post-adiabatic corrections to the instantaneous contributions. Instantaneous mode amplitudes in [65] are written in terms of the post-Newtonian parameter x, the time eccentricity e t and parametrized by the eccentric anomaly u and are valid for arbitrary eccentricities, while the tail contributions in Paper I are given in a small eccentricity expansion, parametrized by the mean anomaly l. The same will hold for the memory parts. Inverting the 3PN accurate Kepler equation by means of the solution developed in [70] , the instantaneous terms can be parametrized by the mean anomaly as well. Instead of restating the quasiKeplerian parametrization and the phasing formalism describing the dynamics of the binary, we refer the reader to Sec. II C and D of Paper I where those aspects are summarized with the same conventions and notations. The h ℓm modes including instantaneous, tail and postadiabatic contributions, are given in the following form
where the H ℓm are written in terms of the adiabatic postNewtonian parameter x ≡x, the time eccentricity e ≡ē t , and parametrized by the angles ξ and ψ. See for instance, Eq. (76) of Paper I for the dominant mode (h 22 ) expression. The phase angles ξ and ψ arise naturally when applying a certain shift to the time coordinate aimed at eliminating the arbitrary constant x 0 appearing in both the instantaneous and tail parts [71, 72] , through the redefinitions
where M = m(1 − νx/2) denotes the Arnowitt-DeserMisner (ADM) mass, m = m 1 + m 2 the total mass, ν = m 1 m 2 /m 2 the symmetric mass ratio and x ′ 0 is related to
with γ E being Euler's constant. We refer to Appendix B of Paper I for the relations between the orbital elements (l, λ, φ) and their redefined counterparts (ξ, λ ξ , ψ).
III. COMPUTATION OF THE NON-LINEAR MEMORY
A. Memory contributions to the time derivative of the radiative moments
The computation of the memory contributions to the radiative mass multipole using Eq. (8) involves products of the time derivatives of the h ℓm modes given in Eq. (11). These are obtained by expressing ψ in terms of ξ and λ ξ and applying the following time derivative operator,
where we have used the facts that dξ/dt = dl/dt = n and dλ ξ /dt = dλ/dt = (1 + k)n to the required PN order.
The secular time evolution of x and e is given, at leading order, by the formulas of Peters & Mathews [15, 73] dx dt = c 3 ν Gm 
As the dominant mode ℓ = 2 is of order c x 5/2 , the knowledge of the waveform to 3PN order requires modes up to ℓ = 8. According to this argument, the sums in Eq. (8) consisting of productsḣ
Moreover, the appearance of the 3-j symbols in Eq. (10) imply some selection rules: the three lower entries have to add up to zero, i.e., m = m ′ − m ′′ . Since the mode products appearing in Eq. (8) 
for some integer n, only memory modes with m = 0 will contain DC terms -as was previously found for circular orbits [62] . The scaling being the same as in that case, we have to compute the U ℓ0 (1) mem up to ℓ = 10. On the other hand, a mode separation property holds for planar orbits [74, 75] : The h ℓm only depend on the mass (current) radiative moments if ℓ + m is even (odd). Thus, as there is no memory effect in the current radiative moment, neither is there when ℓ + m is odd.
As an example, we show the leading order part of the 20-mode up to O(e 2 ), which will represent the dominant memory contribution:
We observe two different type of terms -oscillatory terms proportional to e −im ′ ξ and non-oscillatory ones, which give rise to the well-known leading order DC memory.
As argued above, the m = 0 modes only contain oscillatory terms since they are proportional to e −imλ ξ . For instance, the leading order of the 22-mode explicitly is In Eq. (8), used for the calculation of the U ℓm (1) mem , an average over several wavelengths denoted with angle brackets appears due to the way the gravitational-wave stressenergy tensor t GW µν is constructed [76] . However, such an averaging procedure is unnecessary in the derivation of the non-linear memory valid at quadratic order in G proposed in [48, 51] . The orbital average entering the calculation of the leading order eccentric memory performed in [63] effectively removes the terms proportional to e im ′ ξ in the U ℓ0 (1) mem so that only the terms yielding the DC memory are left over, while the discarded pieces do not affect the amplitude of the DC memory. In the absence of orbital average, these pieces lead to small amplitude oscillatory contributions to the waveform, which we will call here oscillatory memory contributions. It would actually be delicate to introduce an orbital average in the m = 0 modes because these terms are not only oscillating on the orbital timescale but also on the much longer precession timescale. Based on the computation of the memory using directly the source moments, as outlined in Appendix A, where such an average does not appear, we will ignore wavelength or orbital averages here.
B. DC memory
The next step consists in evaluating the hereditary time integral
To do so, we need a model for the secular evolution of the binary undergoing gravitational radiation-reaction forces. For a quasi-elliptical, inspiralling binary, the secular 3PN order evolution equations of the orbital elements has been obtained in [77] [78] [79] . This model is an idealization since it assumes that the two components start at infinite separation and the orbital energy decreases solely due to the emission of gravitational waves. The explicit integrals appearing in Eq. (20) are of two different types. The first one consists of a product of x and e, each with some power p and q, respectively:
The leading Newtonian order corresponds to p = 5. The possible values of the integer q range from 0 -the quasicircular limit -to the order of eccentricity expansion. These integrals give the non-oscillatory contributions to the waveform, i.e. the DC memory. Note that as argued above, these terms are only present in the m = 0 modes. The second type of integrals will lead to oscillatory terms appearing at 1.5PN, 2.5PN and 3PN order in the waveform. We will discuss these in Sec. III C. The strategy to evaluate the integral in Eq. (21) is to express the PN-parameter x in terms of the eccentricity e and change the integration variable from time t to e, so that the integral runs from some initial eccentricity e i at early times to e(T R ) at current retarded time:
The time evolution of x and e due to radiation reaction is stated to leading order in Eqs. (15) . Here, we need the evolution equations up to 3PN order, they are provided in Appendix B. We form the ratio of the two equations, thereby canceling the time dependence, and expand the right-hand side in x and e. This yields a differential equation with the following structure:
Here, the f i (e) terms represent the coefficients of x i+1 in the expansion of dx/de, with f N = f 0 . To solve this differential equation, we search for the unknown function x(e) in the form of a perturbative expansion, according to
where ǫ is a formal parameter that allows one to keep track of the PN order. Inserting this expansion into Eq. (23) and identifying the coefficients of ǫ i on the left and the right-hand sides of the resulting equation, we find the set of differential relations satisfied by the postNewtonian orders of x. This system can be straightforwardly solved by quadrature. Putting the pieces together yields the PN parameter x as a function of eccentricity. At leading order in the PN and eccentricity expansion, we recover [35] x(e) = x 0 e 0 e
12/19
,
where x 0 is the value of x at some reference eccentricity e 0 . The full 3PN result to leading order in eccentricity is provided in Appendix B. Note that for the expansion in eccentricity to be valid, the eccentricity has to be small at all times, hence e 0 has to be small as well.
We are now in the position to insert the evolution equation for e and the solution for x(e) into Eq. (22) . Expanding again in x and e yields elementary integrals to be calculated. We then re-express this result in terms of the time dependent quantities x and e by solving their relation (Eqs. (25) and (B8)) for x 0 and reinsert the expression of this quantity in terms of x and e into the calculated memory terms. A last Taylor expansion then yields the DC memory pieces of the mass multipole moments.
We present the memory contributions to the spherical harmonic modes in the following form:
With this convention, the memory pieces directly add to the waveform modes stated in Eq. (11) . As the expressions are quite long, we present here only the H 20 DC mode to 3PN and leading order in eccentricity: 
All non-zero DC memory modes are presented to leading order in eccentricity in Appendix D and to O(e 6 ) in the supplemental material [67] .
An important check is to take the circular limit of our calculated memory modes and compare to the circular 3PN memory modes computed in [62] . To illustrate this fact, we take the circular limit of the 20-mode stated in Eq. (27) by setting e = 0 and find 
in perfect agreement with Eq. (4.3a) of [62] . The higher DC modes up to ℓ = 10 in the circular limit are consistent with Eq. (4.3) of [62] as well. Moreover, we can check the leading eccentricity part at Newtonian order against Eq. (2.35) in [63] . They are found to be equal. Note that at Newtonian order the computation of the DC memory is in principle possible for arbitrary eccentricities (see Eq. 2.34 in [63] ), however this becomes difficult at higher PN orders, especially when tail terms come into play.
C. Oscillatory memory
Before considering the oscillatory integrals, let us recall some properties of the non-linear memory. As mentioned at the beginning of Sec. II B, the memory contribution to the radiative mass multipole is formally of 2.5PN order. But due to the hereditary nature, the nonoscillatory terms are raised by 2.5PN orders to appear already at Newtonian level. From the oscillatory terms we cannot expect the same behavior, due to the fact that the oscillations in the remote past are effectively cancel-ing each other out. Thus we expect only the recent past to be contributing.
Examining the remaining oscillatory integrals, we notice that they are of the following form:
Note that we have s = −m. Here we directly provide a formula to evaluate these integrals, its derivation is presented in Appendix C. Using the fact that λ ξ = (1 + k)ξ and ξ = nt to the required PN order as well as the notion that the integral is essentially given by the contributions at recent time we find
where the time dependence on T R is not written explicitly. Expanding the denominator, we have to distinguish between two different cases. The first applies if r = −s, we then find
Since p = 5 at Newtonian order and the leading terms in the waveform are of order x, these integrals lead to 2.5PN contributions to the waveform. As we have expected, these kind of terms oscillating on the orbital timescale keep their formal PN order, we call them the fast oscillatory memory.
On the other hand we find for r = −s:
This corresponds to terms that oscillate solely on the periastron precession timescale, we therefore call these terms the slow oscillatory memory. Because of the much slower oscillations they are enhanced by 1PN order corresponding to the PN order of precession and enter the waveform at 1.5PN. Note also that in Eq. (32) eccentricity corrections of O(e q+2 ) appear, whereas Eq. (31) would only be affected by eccentricity corrections starting at 3.5PN order.
We provide the oscillatory memory contributions to the spherical harmonic modes in the same form as for the DC memory, according to Eq. (26) . Besides the DC memory contribution, the 20-mode contains also fast oscillatory memory at 2.5PN:
ν e x 5/2 −e −iξ + e iξ − 647 576 e e −2iξ + 647 576 e e 2iξ .
Note that while the DC memory is purely real and therefore only affects the plus polarization (with the usual conventions on the polarization triad), the oscillatory contributions influence both polarizations.
In
Here the slow oscillatory part in the first and second line is proportional to e 2iξ , as we factored out e −2iψ according to Eq. (26) . Three different PN orders of slow oscillatory memory terms appear in this mode. The first one at 1.5PN arises from the leading order memory contribution to the radiative mass multipole at 2.5PN, so as expected it is enhanced by one post-Newtonian order. At 2.5PN, there is the 1PN correction to the first term as well as a part coming from the 1PN correction to the multipole. Finally, at 3PN there is a term originating from the 1.5PN correction to the memory part of the multipole -this corresponds to memory of the gravitational wave tail. The terms in the third line correspond to fast oscillatory memory entering at 2.5PN level.
IV. FULL 3PN ECCENTRIC WAVEFORM
In this section we summarize the results necessary for constructing the full waveform for eccentric binaries at third post-Newtonian order, including all instantaneous, hereditary and post-adiabatic contributions, as described in Sec. V of Paper I. Rather than listing the lengthy expressions, we give an overview at which PN order the individual terms enter the waveform and where they can be found. Explicit expressions for all spherical harmonic modes are given in a supplemental Mathematica notebook [67] .
We present the waveform in terms of the secular evolving PN parameterx and the time eccentricityē, parametrized by the angles ξ and ψ. We refer to Sec. V C of Paper I for their definition, and to Appendix B therein for various relations between the orbital elements (l, λ,φ) and (ξ, λ ξ , ψ). The secular evolution of the parameters x andē is given in Appendix B. The spherical harmonic modes describing the waveform are then written in the following form:
Modes with m < 0 can be calculated from
In general, the individual modes split in three types of contributions:
The instantaneous terms depend only on the instantaneous state of the source at a given retarded time, with contributions at different orders relative to the leading Newtonian (Newt) order given as:
These are given in terms of x, e and u in Eqs. (5.09-5.11) and Eq. (A1) of [65] . The parametrization in terms of u has to be transformed to ξ using Eq. (B2b) in Paper I.
The post-adiabatic contributions are introduced by radiation-reaction corrections to the quasi-Keplerian parametrization, at relative 2.5PN order:
They are given in Eqs. (66-67) of Paper I.
The hereditary contributions on the other hand depend on the entire dynamical past of the binary system. They split further into tail and memory parts:
For the tails we find contributions at different orders relative to the leading order as:
These are given in Eqs. (47-48) of Paper I. There is both DC memory and oscillatory memory:
DC memory enters the waveform in the m = 0 modes at all relative orders [67] .
By taking the quasi-circular limit of our modes as described in Sec. V E of Paper I, we can compare the instantaneous, tail and (fast) oscillatory memory contributions of our waveform modes with [64] and the DC memory terms with [62] . In all of them we find perfect agreement.
V. BRIEF SUMMARY
In this paper we computed the memory contribution to the gravitational waveform from non-spinning compact binaries in eccentric orbits at the third post-Newtonian order. Our results complete the previous work on the instantaneous parts [65] and on the tail and post-adiabatic contributions [66] . These waveforms form the basis for construction of increasingly accurate GW templates from binary systems in eccentric orbits.
There are two fundamentally different types of memory. DC memory is a slowly increasing, non-oscillatory contribution to the gravitational wave amplitude, entering at Newtonian order, leading to a difference in the amplitude between early and late times. Oscillatory memory on the other hand enters at higher PN orders as a normal periodic contribution. Due to the double periodic nature of the eccentric motion, slow oscillatory memory contributions on the periastron precession timescale are enhanced by a factor of 1PN, and thus already enter the waveform at 1.5PN order. This is unlike the quasicircular case, where oscillatory memory only enters at 2.5PN order. The computation of the non-linear memory in the paper has been done effectively via the GW energy flux with the formula given in Eq. (8) . An alternative way is to directly compute the required moments of the memory contribution to the radiative mass multipole. The leading order memory piece of the mass quadrupole moment contributes at 2.5PN, however, due to the hereditary integral the DC terms are raised by 2.5PN orders such that they contribute at leading order in the waveform polarization. Reference [80] lists the memory contributions up to 3.5PN. From this we are able to compute the DC memory to 1PN accuracy. The hereditary integral enhances the slow oscillatory memory terms by 1PN, therefore from knowing the 3.5PN contribution to the mass moments, we find the leading order 2.5PN terms contributing at 1.5PN and 2.5 PN in the waveform, the 3PN terms appear at 2PN and 3PN and the 3.5PN terms at 2.5PN. However, what we miss are the 4PN terms that appear in the waveform at 3PN level. On the other hand, the fast oscillatory memory is not affected by the hereditary integral in its PN order, we recover it at 2.5PN and 3PN. The required memory contributions at 3.5PN to the radiative mass moments are:
Note that the STF projection . . . only applies to the free indices ijk.... The integrand in those equations consists of products of canonical mass and current moments, M (n)
, and the superscript in brackets stands for the n th derivative with respect to τ . The canonical moments are related by a gauge transformation to the source moments I L and J L along with some more gauge moments that enter at 2.5PN in the δI L , δJ L terms,
For our purpose of calculating the memory contribution to next to leading order, we only need the 1PN part of the source moments. Here we list the relevant source moments at 1PN for two non-spinning compact objects in general orbits [65] . The source moments are written in terms of x i and v i , which denote the binaries relative separation and relative velocity. Moreover, r is the distance between the two objects, thus r = |x| andṙ is the radial velocity. For the mass quadrupole moment we have
where,
The 1PN mass octupole is
and ∆ = (m 1 − m 2 )/m is the mass difference ratio. Moreover, we need also the leading Newtonian order part of the mass hexadecapole,
From the current source moments we need the quadrupole, which is
and at last the leading order of the current octupole, which is
Having the source moments in hand, thereby in our case also the canonical moments, we can calculate the products of time derivatives of the canonical moments occurring in the integrands of Eq. (A1). Before treating the hereditary integral, we transform from the STF-moments U mem L computed here to the scalar version of the radiative mass moments using Eq. (4) of Paper I. These are the same moments as we find when computing the memory with Eq. (8) . The hereditary integral is evaluated in the same way as described in Sec. III B and III C. Using this method, we find the 1PN DC memory and the 1PN oscillatory memory. Be aware that the DC memory appears in the waveform at leading Newtonian order while the first slow oscillatory memory terms appear at 1.5PN and the fast oscillatory memory at 2.5PN.
This method of computing the memory contribution serves as a check. We can compare the relative 1PN pieces of the DC and the oscillatory memory calculated before and here, they are found to be in perfect agreement.
Appendix B: Radiation-reaction evolution equations
In this Appendix we provide the secular 3PN accurate evolution equations for x and e [77] [78] [79] in modified harmonic (MH) gauge. The instantaneous terms are exact whereas the eccentricity enhancement functions appearing in the hereditary contributions are given in an eccentricity expansion. We begin by listing the pieces needed for the evolution of x:
where 
The helper functions appearing in the hereditary contribution are given by ψ ω (e) = 1344 4159
ζ ω (e) = 583 567 ζ(e) − 16 567 ϕ(e) .
The various enhancement functions appearing in these equations are listed below. Next we state the evolution equation for the eccentricity. Note that we observed errors in the 2PN and 3PN order expressions in Eqs. (C10) and (C11) of [79] . These are likely due to the fact that only the relation between e MH and e ADM was inserted, but one also has to transform de ADM /dt to de MH /dt.
The additional functions in the hereditary contribution are:
ϕ e (e) = 192 985 
F e (e) = 96 769
The eccentricity enhancement functions arise from hereditary contributions to the energy flux (non-tilde) and the angular momentum flux (tilde). Most of them do not admit closed forms and have to be computed numerically or in a small eccentricity expansion. Here we list them in an eccentricity expansion to O(e 6 ): 
By dividing the evolution equations for x and e and expanding in these variables, we can find a solution for the evolution of x in terms of e at each order as described in Sec. III B. Here we provide x(e) at 3PN and to leading order in eccentricity:
e 0 e 
Here we derive the formula to evaluate the oscillatory memory integrals in Eq. (30) . For convenience we set G = c = 1 in this Appendix. We define the integral which has to be computed as
We follow the approach of [72] , where this integral is evaluated in the case of circular orbits (q = 0). The eccentric orbit is assumed to evolve only with the secular radiation-reaction equations given in Eqs. (15) starting from x = 0 and e = 1 in the remote past. Every astrophysical process like capture or mass loss possibly happening to the binary is ignored. We start by restating the evolution equation for x at leading order in x and e,
and integrate it over a time interval up to some coalescence time T C , where the orbital frequency and therefore x tends to infinity:
Thereby we find an explicit relation between orbital frequency (related to x) and time t:
We can now invert the x(e)-relation derived in Eq. (25) to find e as a function of x. Considering only the leading order, we find
Using Eqs. (C4) and (C5) we get x as an explicit function of t:
A quick check reveals that this expression indeed solves the differential equation in Eq. (C2). Since the memory integral runs up to current time T R , we introduce a new integration variable y which is better suited to the integration limits we have:
Next we express the time dependent quantities in the integral in terms of y and their values at current time T R . For x we find
and for the eccentricity e(y) = e(T R ) (1 + y) 19/48 .
Note that while going back in time, with increasing y, we let the eccentricity only evolve until e = 1 is reached. Furthermore we need the redefined mean anomaly ξ(t) in terms of y and its value at current time. Because ξ is defined in terms ofξ = n, we have to calculate the integral
We can now evaluate the latter integral by inserting the expression for x(y) given in Eq. (C8). This leads to
where ξ(T C ) is the value of ξ at the moment of coalescence. Thus at current time T R the mean anomaly is given by
Now we are able to express ξ(t) in terms of ξ(T R ) and y
where x(T R ) and e(T R ) stand for the respective current value of x and e. At this point, we introduce a dimensionless "adiabatic parameter" χ(T R ), which is connected with the inspiral rate at current retarded time T R . We define it as the ratio between current period and time left till coalescence,
where n(T R ) = x 3/2 (T R )/m at leading order. Explicitly in terms of x(T R ) and e(T R ) it reads χ(T R ) = 256ν 5 x 5/2 (T R ) 1 + 157 43 e 2 (T R ) .
Inserting χ(T R ) into Eq. (C13), we find:
(1 + y) (1 + y) 5/8 − 1 .
Now we put Eqs. (C8), (C9) and (C16) into the oscillatory integral and write it as an integral over y: (1 + y) 5/8 − 1 .
Let us look at the form of this integral:
The strategy is to integrate by parts, therefore we need to know the following type of integral:
dy e iσg(y) = − i σg ′ (y) e iσg(y) + O(g ′ (y) −2 ) .
This is formula is valid as long as g ′ (y) is sufficiently large. Integrating Eq. (C18) by parts we get
As y approaches infinity in the remote past, we notice that f (y) = x p (y)e q (y) goes towards zero. This is because at early times the frequency reaches zero and the eccentricity cannot grow past e = 1 in our model. Evaluating the first term at y = 0 we recover x and e at current time and the exponential factor is just 1 since g(0) = 0. The derivative g ′ (y) in the denominator evaluated at y = 0 is effectively one multiplied by some constants. What remains in the first term of Eq. (C20) is therefore of order χ(T R ). Looking at the second term we find the same form of integral as in Eq. (C18). Successively integrating by parts would each time yield another factor of χ(T R ). Since this parameter is already of order 2.5PN, the higher order χ(T R ) contributions can be safely ignored. Including everything of order χ(T R ), we find the following formula
i(sλ ξ +rξ) iχ(T R ) (r + s (1 + k) ) , = − i n(r + s(1 + k)) x p e q e i(sλ ξ +rξ) ,
which allows us to compute the oscillatory hereditary integrals in Sec. III C.
Appendix D: List of DC memory modes
Here we list the 3PN accurate DC memory contributions to the h ℓm modes at leading order in eccentricity in the following form, 
